Linkage disequilibrium (LD), often expressed in terms of the squared correlation (r 2 ) between allelic values at two loci, is an important concept in many branches of genetics and genomics. Genetic drift and recombination have opposite effects on LD, and thus r 2 will keep changing until the effects of these two forces are counterbalanced. Several approximations have been used to determine the expected value of r 2 at equilibrium in the presence or absence of mutation. In this paper, we propose a probability-based approach to compute the exact distribution of allele frequencies at two loci in a finite population at any generation t conditional on the distribution at generation t − 1. As r 2 is a function of this distribution of allele frequencies, this approach can be used to examine the distribution of r 2 over generations as it approaches equilibrium. The exact distribution of LD from our method is used to describe, quantify and compare LD at different equilibria, including equilibrium in the absence or presence of mutation, selection, and filtering by minor allele frequency. We also propose a deterministic formula for expected LD in the presence of mutation at equilibrium based on the exact distribution of LD.
Introduction 14
Linkage disequilibrium (LD), the nonrandom association of alle-
and
respectively, where p A i represents the frequency of the ith allele depends on their corresponding haplotype frequencies and the 32 respective allele frequencies, a single value of D is sufficient to 33 characterize the disequilibrium between two loci in a diallelic 34 system, i.e.,
value of D depends on how the alleles are coded (i.e., alleles A 1 36 and A 2 could be coded as 0 and 1 or as 1 and 0) while the value 37 of r 2 is invariant to this choice. Therefore, r 2 is increasingly used 38 as a metric to quantify LD in the literature. 39 In a finite population, allele frequencies at two loci are sub- Generally, in a finite population, the opposite effects on LD of genetic drift and recombination lead to an equilibrium value for the expectation of r 2 when these two forces are counterbalanced. It has been shown that for large values of N e c, the equilibrium value for the expectation of r 2 (r 2 E ) is approximately:
where c is the recombination rate and N e is the effective popula-57 tion size (Sved 1971; Sved and Feldman 1973; Hill 1975) .
58
The above formula, however, does not consider the variation introduced by mutation in the population. When mutation is considered, a balance is expected between the loss of variation by the fixation of one or other allele, and the replenishment of an extinct allele by mutation. An approximation for the equilibrium value of r 2 in the presence of mutation in a finite population has been developed in Ohta and Kimura (1971) and Hill (1975) . Instead of using E(r 2 ), they used a quantity (σ 2 d ) named the standard linkage deviation (Ohta and Kimura 1969) to describe the status of this equilibrium, where σ 2 d is an approximation of the expected value of r 2 expressed as the ratio of the expectations of the numerator and the denominator of r 2 (Ohta and Kimura 1971):
The equilibrium value of σ 2 d is approximated as: (i.e., A 1 B 1 , A 1 B 2 , A 2 B 1 , and A 2 B 2 ) are possible at these two loci.
108
In a population of size N e , the frequency counts of these four 109 haplotypes can take on k = (2N e +3)! 3!(2N e )! possible values, where for 110 each of these possibilities, the sum of the four counts is 2N e . For 111 example, when N e is equal to two, all possible combinations of 112 haplotype frequency counts are given in Figure 1 .
113
In general, let X be a k × 4 matrix with each row representing a possible combination of haplotype frequency counts for some value of N e . Thus, the rows of X represent the collection of k lines with different allele frequencies at two loci. Let P t denote a k × 1 vector with element i indicating the probability of the frequency counts in row i of X at generation t. Thus, P t gives the distribution of allele frequencies at generation t. We show below that the distribution in generation t + 1 can be written in general as
where A is a k × k transition matrix that is derived below in 114 various circumstances of recombination, mutation and selection.
115
First, consider a line with haplotype frequency counts x T i from ith row of X at generation t, e.g.,
, where the frequency counts for the four haplotypes, A 1 B 1 , A 1 B 2 , A 2 B 1 , and A 2 B 2 , are denoted by f 11 , f 12 , f 21 and f 22 . Ignoring the effects of recombination, mutation, or selection, sampling of 2N e gametes from this line can be modeled by a multinomial process with sample size n = 2N e and probability vector θ i = x T i 2N e for the four haplotype probabilities. Thus, the distribution of the frequency count in the next generation is given by the k × 1 vector m i , where the element j of m i is the probability of getting x T j from the Multinomial(n, θ i ) distribution. Given that element i of P t is the probability of x T i in generation t, the distribution of allele frequencies in the next generation is given by:
where M is the k × k matrix with columns m i , as described 116 above, for i = 1, . . . , k. The above formula shows how the 117 distribution of allele frequencies change due to genetic drift, 118 ignoring recombination, mutation, and selection.
119
Now we accommodate recombination in computing P t+1 . In 120 gametes produced from generation t, the probability of a non- 
Similarly, due to recombination, the probabilities of the other three haplotypes become:
exact distribution of LD and
Now, to see how mutation alters these probabilities, we let θ * i be a vector of the four probabilities from equations (8) through (11) computed using the four haplotype frequencies in x T i . In modeling mutation, we assume that an A 1 or B 1 allele mutates to an A 2 or B 2 allele with probability u and an A 2 or B 2 allele mutates to an A 1 or B 1 allele with probability v. Then, haplotype probabilities following mutation can be computed as:
where
Furthermore, to incorporate selection in the model, a selection 137 coefficient s that reduces the allele frequency of A 1 at locus A,
the haplotype probabilities following selection can be computed
Finally, to compute the distribution of allele frequencies in 143 generation t + 1 using Equation (6) The value of r 2 can be computed for a sub-population or line 149 with haplotype frequency counts in any row of X. For example, 150 consider the frequency counts in row 11 of the X matrix given 151 in Figure 1 , where f 11 = 0, f 12 = 2, f 21 = 1 and f 22 = 1.
152
From these frequency counts, Pr(A 1 ) = 1/2, Pr(B 1 ) = 1/4 and 153 Pr(A 1 B 1 ) = 0 are obtained, and r 2 calculated using equations 154 (1) and (2) recombination rate and mutation rate is shown in Figure 2 for 220 these three approaches. In the absence of mutation and selection,
221
Sved's formula showed consistency with the exact values from 222 our transition-matrix approach (Figure 2(a) ). On the other hand, Figure 3 . Note that the trajectory may be quite 243 different, depending on the initial conditions used.
244
In the absence of mutation and selection, the expected value 245 of r 2 over generations increases to its maximum and reaches its 246 "equilibrium" status. Value of r 2 E increases as c decreases due to 247 the decreasing breakdown of LD with lower recombination rates.
248
Typically, when the recombination rate is relatively small (e.g., 249 c = 6.25 × 10 −5 ), the expected value of LD at "equilibrium" is 250 almost equal to 1. However, at this "equilibrium" stage, frequen- exact distribution of LD with two haplotypes, which have low frequencies, r 2 is either indeterminate or has value 1.0. When mutation introduces a third haplotype in a line where r 2 is 1.0, it drops in value. Further, 276 when mutation introduces a third haplotype in a line where r 2 is 277 indeterminate, the value of r 2 will be close to zero. Thus, as mu-278 tation becomes noticeable, the expected value of LD decreases.
279
When the true equilibrium is reached, the loss of variation by 280 fixation is balanced by its replenishment by mutation. In other 281 words, the frequency of lines where loci are segregating will 282 remain non-zero. Therefore, when mutation is present, the prob-283 abilities of allele frequencies (P t ) stay constant over generations 284 when the true equilibrium is reached.
285
In the presence of both mutation and selection, lines with 286 segregating loci become low in frequency at an earlier stage due 287 to selection, particularly when the selection coefficient is large 288 (e.g., s = 0.1), and thus, mutation starts to have a noticeable effect 289 on allele frequency at an earlier stage in the presence of selection 290 relative to when selection is absent. When selection coefficient 291 is relatively large (e.g., s = 0.1), the expected value of r 2 reaches 292 its maximum value early and then decreases sharply to two 293 plateaus. When the recombination rate is low, e.g., c ≤ 0.01, the 294 difference between these two plateaus is small.
295
In the absence of selection, allele frequencies at two loci tend 296 to be similar. However, when locus A is under selection, allele 297 frequencies at these two loci tend to be different such that LD 298 is lower than when selection is absent. This effect, however, is 299 negligible when the selection coefficient is small (e.g., s = 0.01).
300
Thus, a selection coefficient of 0.1 is used to present results when 301 mutation and selection are present in the next section.
302
The expected values of r 2 over generations in the presence of Relationship between the expectation of LD at equilibrium (r 2 E ) and recombination rate (c) in the absence or presence of selection or filtering by MAF at locus B for a population of effective size N e = 50 with mutation rate u = 1.0 × 10 −9 . Only locus A is under selection with selection coefficient s = 0.1.
In a population where mutation is present and N e = 50, the 308 equlibrium value of r 2 (r 2 E ) is shown in Figure 4 , when selec-309 tion is absent or present, for different recombination rates. As 310 explained in last section, the equilibrium values of LD in the 311 absence of selection are always higher than those in the pres-312 ence of selection. The equilibrium value of LD (i.e., r 2 E ) with 313 filtering by MAF (i.e., MAF ≥ 5% at locus B) is higher than its 314 corresponding value in the absence of filtering.
315
To understand why filtering by MAF increases r 2 E , the k lines 316 with different haplotype frequencies were divided into two 317 groups: lines where MAF at the locus B is < 5% and lines where 318 MAF ≥ 5%. Next, the transition-matrix approach was used to 319 compute the frequency of each of these lines at equilibrium. In 320 lines where r 2 is defined, the equilibrium frequency of each line 321 is plotted against its r 2 value in Figure 5 ; the color blue is used 322 for the first group of lines where MAF at the locus B is < 5% and 323 red is used for the second group of lines where MAF is ≥ 5%; 324 frequencies in the absence of selection are given in plot (a) and 325 those in the presence of selection are given in plot (b).
326
In the absence of selection (plot (a)), a proportion of about will be 1 2N e , and it will belong to the first group provided that 347 1 2N e < 0.05.
348
Plot (b) of Figure 5 gives the distribution of r 2 for the two 349 groups in the presence of selection, and it can be seen that still 350 there is a greater abundance of low r 2 values in the first group.
351
The difference between the two groups, however, is smaller than 352 in the absence of selection, and this explains the smaller effect of 353 filtering on expected r 2 when selection is present (Figure 4 ). 
To study the extrapolation of r 2 E from small population sizes 365 (i.e., N e ≤ 50) to predict those for a larger population size, we 
